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Abstract

We investigate the thermodynamical properties of plasmon–polaritons that propagate in mul-
tiple semiconductor layers arranged in a quasi-periodical fashion of Fibonacci and Thue–Morse
types. We have chosen these two types of quasi-periodic structures for the following reasons:
(i) both were realized experimentally, so they are not mere academic examples of a quasi-crystal;
(ii) it is believed that the Thue–Morse chain is more disordered than the Fibonacci one, i.e., it
has a degree of aperiodicity intermediate between the Fibonacci chain and the random systems.
More precisely, the Fourier amplitude spectrum of the Thue–Morse sequence is singular contin-
uous, while for the Fibonacci case we found �-function peaks not arranged periodically. Both
analytical and numerical studies on the temperature dependence of the excitation’s speci!c heat
associated with the generation number n = 1; 2; 3; : : : for their multiscale fractal energy spectra
are presented. We show that when T tends to zero, the speci!c heat displays oscillations and
when T tends to in!nity, the speci!c heat goes to zero as T−2, because the energy spectrum
considered is bounded.
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The discovery of quasi-crystals [1], i.e., solids intermediate between completely pe-
riodic crystals and random or disordered amorphous solids, has stimulated the study of
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the physical properties of one-dimensional quasi-periodic structures. Further stimulus
for such a study arouse with the success of modern growth techniques, such as molec-
ular beam epitaxy (MBE) and metal-organic chemical vapor deposition (MOCVD)
[2,3], as well as characterization tools such as X-ray scattering, low-energy electron
diIraction (LEED) and neutron diIraction. They have made possible the fabrication of
layered materials with sharp, high-quality interfaces, and with dimensions comparable
to the electron mean free path and the de Broglie wavelength.

The !rst realization of a quasi-periodic structure consisting of alternating layers of
GaAs (we call it the building block A) and AlAs (building block B), forming a Fi-
bonacci sequence, was reported by Merlin et al. [4]. Since then, the behavior of a va-
riety of particles or quasi-particles (electrons, phonons, photons, polaritons, magnons,
etc.) have been and are currently being studied in quasi-periodic systems (for a review
see Ref. [5]). A fascinating feature of these quasi-periodic structures is that they exhibit
collective properties not shared by their constituent parts. Furthermore, the long-range
correlations induced by the construction of these systems are expected to be reKected
to some degree in their various spectra, de!ning a novel description of disorder [6].
A common factor shared by all these excitations is a complex fractal energy spectrum.

A regular periodic one-dimensional lattice can be generated from the translation of
one basic unit cell. On the other hand, a general one-dimensional quasi-periodic lattice
can be generated from a !nite set of basic cells by a generalized induction procedure.
Let a1; a2; : : : ; ag be g basic units. De!ne this pattern as stage n of the sequence. Then,
the stage n+1 of the sequence is obtained inductively from the stage n by the inKation
(substitutional) rule, ã → Mã, where ã represents the column vector (a1; a2; : : : ; ag)t, t
being the transpose. Also, M=(mij) is a g×g matrix with non-negative integer entries.
The matrix M and its successive applications fully determines the sequence. At each
stage, ai is replaced by mi1a1, followed by mi2a2; : : :, etc., for i=1; 2; : : : ; g. To generate
a Fibonacci lattice, we apply the matrix MF = (m11 = 1; m12 = 1; m21 = 1; m22 = 0)
at the vector (a1; a2)t at each stage. It gives, in terms of the building blocks A and B,
the substitution rules A → AB; B → A to generate the whole sequence, provide the
!rst term of the sequence is AB. For the Thue–Morse sequence we have MTM =(m11 =
1; m12 = 1; m21 = 1; m22 = 1) being applied at the vector (a1; a2)t. This produces the
substitution rule A → AB, B → BA.

Let us consider the energy spectrum for the general schematic scaled continuous
multifractal set depicted in Fig. 1. We see that

�1 = �2 − �1 ⇒ �2 = �1 + �1 ; (1)

�2 = �4 − �3 ⇒ �4 = �3 + �2 ; (2)

...

�i = �2i − �2i−1 ⇒ �2i = �2i−1 + �i : (3)

Thus, in this hypothetical representation of the energy spectrum, the case of generation
number n= 1 corresponds to a continuum spectrum going from �1 to (�1 + �1). Also
n = 2 corresponds to a spectrum whose !rst branch goes from �1 to (�1 + �1) and
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Fig. 1. The assumed energy spectrum, showing the !rst four steps in the construction of a general schematic
fractal set.

the second one goes from �3 to (�3 + �2), and so on, for increasing n. We take the
level density inside each band to be constant, and the same for all bands in a given
hierarchy. A fractal or multifractal energy spectrum emerges at the n → ∞ limit. This
model is quite general and can be applied to any real energy excitation spectra in
quasi-periodic structures. Obviously, the number of bands depends on the sequence
chosen. In what follows, we consider a normalization in the frequency spectrum, in
such a way that the bands stay within the limits 0 and 1 (in units of ˝!).

The partition function is given by

ZN =
∫ ∞

0
�(�)e−�� d� ; (4)

where � is 1=T (in units such that Boltzmann’s constant kB =1) and we take a constant
density of states �(�). After some calculations, it is easy to write Eq. (4) as

ZN =
1
�

2N−1∑
i=1;3;:::

e−��i [1 − �−��i ] ; (5)

where N is the number of bands of the multi-fractal spectrum. For example, in the
case of the Fibonacci quasi-periodic system, N = Fn, Fn being the Fibonacci numbers.
Once we know the partition function, it is possible to calculate the speci!c heat using

CN = �292(ln ZN )=9�2 : (6)

Taking the natural logarithm of Eq. (5), diIerentiating it twice with respect to �, and
substituting into Eq. (6), we obtain

CN = 1 + (�fN =ZN ) − (g2
N =Z

2
N ) ; (7)

where

fN =
2N−1∑
i=1;3;:::

[�2i e−��i − �2i+1 e−��i+1 ] ; (8)
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Fig. 2. Polariton speci!c heat versus temperature for the Fibonacci quasi-periodic sequence considered up to
its 11th generation.

and

gN =
2N−1∑
i=1;3;:::

[�ie−��i − �i+1e−��i+1 ] : (9)

Note that it is necessary only to know the distribution of the energy spectrum of a given
multifractal system to calculate Eqs. (8) and (9), so we can determine the speci!c heat
by using Eq. (7).

We see in Fig. 2 that the polariton speci!c heat as a function of the temperature,
for several generations of the Fibonacci sequence. For high temperatures (T → ∞),
the speci!c heat for all generation numbers converges and decays as T−2, which is
consistent with the triadic Cantor structure [7]. This asymptotic behavior is mainly due
to the fact that we have considered our system bounded. It can be seen that as n in-
creases, the plotted speci!c heat curves have a negative slope for a larger temperature
range. Mainly the inset of this !gure shows the oscillatory behavior of the speci!c
heat for low temperatures. These oscillations are neither around the fractal dimension-
ality of the spectrum nor an approximation of the idealized oscillations found in the
triadic Cantor set [7]. There are clearly two classes of oscillations, one for the even
and the other for the odd generation numbers of the sequence, the amplitude of the
odd oscillations being bigger than the amplitude of the even one, which is some kind
of signature of the Fibonacci structure, with no counterpart in the other quasi-periodic
structures considered here. In general, the self-similarity of the spectra is more pro-
nounced for sequences with a diIerence of two in the generation number. For example,
in the tight-binding Fibonacci spectra one can see that the biggest gaps appearing in
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Fig. 3. Polariton speci!c heat versus temperature for the Thue–Morse quasi-periodic sequence considered up
to its 6th generation.

the spectrum, and leading to the biggest subbands, occurs (for any sequence of length
Fn) in Fn−2 at low energy and in Fn−1 at high energy (a similar relation holds inside
each subband) [8].

In Fig. 3 we have the speci!c heat as a function of temperature for the Thue–Morse
sequence. Again, in the limit when T → ∞, the speci!c heat goes to zero as T−2 for all
generation numbers. Although there are oscillations in the region near to T → 0 (shown
better by the inset of the !gure), they do not have the same standard of behavior met
in the Fibonacci sequence, i.e., two groups of oscillations corresponding to even and
odd generation numbers of the sequence. Therefore, apart from the common asymptotic
behavior of the speci!c heat as T → ∞, there is no other connection (regarding the
speci!c heat spectra) among the quasi-periodic structures considered here.

The polariton speci!c heat discussed here for one-dimensional structure can be quite
diIerent from that obtained in real three-dimensional structures. Although this fact adds
an extra complication to the experimental speci!c heat measurements, we hope that the
experimentalists can be encouraged to overcome it. For bosonic system for instance (as
it is the polaritons case treated here) we may model such one-dimensional structure
considering the spectra obtained only for a given in-plane wavevector kx. As one of
the most suitable experimental technique to probe the polariton spectra is the inelastic
light scattering spectroscopy of Raman and Brillouin types, this in-plane wavevector
kx, can then be used to de!ne the incident angle � of the light, through the relation
sin−1 �= kx�=4�, � being the laser wavelength [9,10].

In summary, our results indicate that, in the low temperature limit, both systems
present interesting oscillatory behavior in the speci!c heat spectra. Even though it is
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not surprising that a log-periodic behavior is a natural consequence of discrete scale
invariance (observe that this kind of behavior was also found in the geometrical triadic
Cantor set), we reported and analyzed here qualitative important diIerent aspects in
this behavior. We believe that the physical origin is related to the nature of the polari-
ton’s spectra in the quasi-periodic systems, since they have diIerent scaling laws and,
therefore, fractal dimensions.

Research partially !nanced by CNPq (Brazilian Agency).
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